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The pore diffusion model that describes unsteady-state adsorption, diffusion, and reaction in a porous catalyst is in the
form of a parabolic partial differential equation. To relieve computational loads, approximate ordinary differential
equations are often used and they can be derived from the transfer function between the surface and average concentra-
tions in the particle. The transfer function shows half-order behaviors at the high-frequency range. The rational transfer
functions cannot describe well this half-order behavior. Here, introducing the half-order term to rational transfer
function candidates for approximation, models valid throughout low- and high-frequency ranges are derived. Since the
proposed approximate models are valid globally, they can be applied to reactive porous catalysts easily. They can also
be used for noninteger shape factors that will show better performances for adsorbents different from ideal geometries
of infinite slab, infinite cylinder and sphere, and for biporous adsorbents. © 2013 American Institute of Chemical
Engineers AIChE J, 59: 2540-2548, 2013
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Introduction

Models for practical separation processes such as packed
bed adsorbers involve mass balance equations for the bulk
flows through the adsorbers in addition to the dynamic mass
transfers in adsorbent particles. Both mass balance equations
can be represented by partial differential equations. These
coupled partial differential equations are rather complicate
and the pore diffusion model representing the dynamic mass
transfers in the particles need be approximated for reduced
computational loads.'™

To approximate the unsteady-state diffusion and adsorp-
tion in a spherical adsorbent, Glueckauf’ proposed a first-
order ordinary differential equation named the linear driving
force (LDF) model. By assuming that the mass-transfer rate
is proportional to the difference between the surface concen-
tration and the average concentration in a particle, the partial
differential equation is replaced approximately by the first-
order ordinary differential equation. The LDF model can
also be derived in several different ways®® such as the or-
thogonal collocation and the Pade approximation. This sim-
plification is very effective in reducing computational loads.
The first-order model for the spherical adsorbent without
reaction is extended to other adsorbent geometries without
reaction’ and with the first-order reaction.'®'* An improved
first-order model having the term of the changing rate of
surface concentration is available for adsorbents without
reaction'® and with the first-order reaction.’
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The LDF model is valid only when the surface concentra-
tion of the particle changes slowly. To improve the approxi-
mation accuracy, Cruz et al.'*  obtained high-order
approximations using the orthogonal collocation method. Lee
and Kim®'* proposed high-order differential equation models
which approximate the pore diffusion model accurately by
applying the Pade approximation method to the Laplace do-
main solution. The Pade method uses the Taylor series of
Laplace domain solution and the required number of terms in
the Taylor series increases, as the order of approximation
increases. Since obtaining high-order terms in the Taylor se-
ries becomes quite involved, it is not simple to obtain a high-
order approximation by the Pade method, especially when the
reaction term is included.'* Recently, as a useful alternative to
the Pade method, an approximation method based on the con-
tinued fraction of the Laplace domain solution has been devel-
oped.15 The continued fraction method unifies approximations
for slab, cylinder, and sphere adsorbents and the resulting
models are systematic. The time-domain differential equations
for approximate models of the continued fraction method can
be obtained without any involved computation.

The pore diffusion model is infinite dimensional and shows
half-order behaviors'® for a fast varying surface concentration.
Hence, each finite dimensional model has its limited valid
region and should be used carefully. For a slowly varying sur-
face concentration, a model based on the Pade approximation
which shows excellent fitting results around zero frequency
can be used. Conversely, for a fast varying surface concentra-
tion as in the cyclic adsorption and desorption, a model that
fits a high-frequency region of the pore diffusion model
should be used. Recently, to avoid this cumbersome, a simple
half-order model that is valid for the entire frequency range
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has been proposed.'® Although the half-order model is global,
it is less accurate than others such as the Pade approximations
for a certain frequency range. Here, we develop globally accu-
rate approximations showing the correct half-order asymptotic
behavior at high frequencies as well as high accuracy of the
Pade approximations at low frequencies. The proposed simple
unified models can be effectively used for the process optimi-
zation and model parameter estimations that require many
repeated computations.

Mass Balance Equation for the Unsteady-State
Diffusion, Adsorption, and Reaction

The mass-transfer rate through an adsorbent surface is de-
pendent on the average concentration in the adsorbent parti-
cle. For the average concentration, it is needed to know the
concentration profile in the adsorbent particle in detail which
will be a function of time and position. The mass balance
equation for this is in the form of partial differential equa-
tion having many variables. Here, for brevity, the dimension-
less mass balance equation with normalized variables is
used. Detailed definitions of variables can be found in
Kim.'? The dimensionless mass balance equation for a linear
adsorption and a first-order reaction in a catalyst is

r,0)=0 )]
t

Here, r and ¢ are the dimensionless position and time varia-
bles, respectively. ¢(r, t) is the dimensionless concentration
in the particle, and f(#) is a time-varying concentration at the
adsorbent surface. ¢ is the Thiele modulus. The shape factor
{ is O for the infinite slab, 1 for the infinite cylinder, and 2
for the sphere. The volume-average concentration is

qm:(cﬂ)j Kq(r,0dr @

0

The volume-average concentration g(¢) is of the main interest
because the mass exchange rate between the adsorbent and its
surrounding can be conveniently expressed as dg(t)/dt.

Egs. 1 with 2 can be solved in the time domain by the
separation of variables method.'” For example, the analytic
solution for a sphere catalyst ((=2) in the absence of reac-
tion (¢p=0) is!®

a()=6% JO exp (—R2x2(1—1))f (1)d 3)
k=1

When the Laplace transformation method is applied,'” Egs.
1 with 2 becomes

d’Q(r,s)  {dO(r,
d’(;’ s) +; ;,. s) _(s-f-q")z)Q(r7 §)=0 @
Q)| o o(1,5)=F(s)

r=0

dr

and

1
Q(s)=(+ I)JO riQ(r, s)dr 5)
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Here, s is the Laplace variable and Q(r, s), Q(s), and F(s)
are Laplace transforms of ¢(r,f), g(¢), and f{t), respectively.
The analytic solution for Egs. 4 and 5 is!>1

0(5)=G¢(s+¢*)F(s)
(C-‘r 1)](;+1)/2 (\/ S+¢2)

Gg(s-l—qﬁz):

S+(]’)2[(g71)/2(\/s+d)2)

tanh \/s+ >
S =0

_ s+¢2 ‘

3 écoth s+ — : (=2

/S+¢2 S+¢2 )
(6)

where G:(s+ ¢?) is the transfer function relating the volume-
average concentration ¢(¢) and the surface concentration f{(r).
The function ,(-) in Eq. 6 is the modified Bessel function
and right hand side of Eq. 6 can be easily derived from
properties of the Bessel functions.'>'%?

Expansions and Previous Approximations

It is hard to solve the partial differential equation of Eq. 1
when it is coupled with other balance equations in the form
of partial differential equations. There have been many
approximate equations to reduce computational loads and
almost all the approximate equations can be derived from
the Laplace domain solutions of Eq. 6. Here previous works
are reviewed.

From properties of Bessel functions, the transfer
function G(s) can be expanded in various forms as follows;

Taylor series expansion

17,19.20

! s+ 2 s+ (D)
) (CHP(LH3)(C+S)

GO s

Continued fraction expansion

Go(s)= (+1 _(+1 s s
= my THIt (A3 A5t

®)

5
g+3+T‘+”_

Product and partial fraction expansion

s s > s
SN | () T
11:11 Z(c+1)/2° k1:11 2 (c-1)/2
o 1

=2({H+1)y  ———,

zry= roots of J,(z) (9)
= St b @)

Asymptotic expansion for a large s

stl cletl)  (c—2)s(c+1)

Vs 2s 8sy/s

The Pade approximation in the form of P(s)=(bo+
byst - +bys™)/(1+ays+ -+ +a,s") is such that its Taylor
series is the same as the series (7) up to the term of s
When the Taylor series is given, the Pade approximation can
be easily obtained by solving a set of linear equations.21
For example, the first Pade approximation that fits the Taylor
series up to the term of s' is

G.(s) +- (10)
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o= MGG

T s+l
For (=2, it is Gy=2(s) =~ 1/(s/15+1) and is equivalent to
the time-domain equation

G(n=15(f(1)—q(2)) (12)

This equation is known as the LDF model for the
sphere adsorbent without reaction proposed by Glueckauf.’
It can also be derived in various different ways.®™®
Despite its limited accuracy, it attracts many attentions
due to its simplicity and has been applied to various
processes.z’s’%m’12

It is surprising that the continued fraction expansion of
the transfer function Gg(s+¢2) is so simple like Eq. 8.
Properties of Bessel functions can be used to derive the
continued fraction expansion.'” It is well-known that the
continued fraction expansion, when truncated, is equivalent
to the Pade approximation. For example, the first truncation
Gr=2(s) = 3/(3+s/5) for the sphere adsorbent is equivalent
to the LDF model of Gy=»(s) ~ 1/(s/15+1). Eq. 8 is better
to derive the Pade approximation because it does not need
solving a set of linear equations and the corresponding
state equation is also better in the numerical point
of view” than that derived from the transfer function of
Pade approximation.

The modified Bessel equation has the infinite number of
zeros'® and from these zeros we can obtain the infinite product
(9). The corresponding partial fraction expansion of Eq. 9 can
be derived by applying the partial fraction expansion method'’
to the infinite product (9) and the derivative relationship
between the Bessel functions. The analytic solution of Eq. 3 in
the form of convolution integral is equivalent to the transfer
function of G¢—»(s)=6)_;=, 1/(s+k?n*). This partial fraction
series can be truncated and used in computing dynamic
response of g(t). However, the partial fraction series converges
slowly and many terms are needed for use in practice.

The above models are accurate for small s and are effec-
tive for a slowly varying f(r). When f{(¢) is varying fast and
so high-frequency components are dominant, responses com-
puted through low-order Pade approximations can have large
errors. Due to the same reason, Pade approximations based
on Ge(s) cannot be used for Gg(s-i-(f)z) with a large ¢ by
replacing s to s+ ¢2. The Pade approximations obtained from
the Taylor series expansion of GC(S+¢2) should be used.
The Taylor series of G(s+¢*)=G¢($*)+G (¢*)s+ -
and the corresponding Pade approximations have been given
in Kim and Lee.'* They are valid regardless of ¢. However,
expressions for the Taylor series terms such as G” ((]52) and
higher order derivatives are rather involved.'*

It is well-known that G(s) approaches (¢c+1)/4/s for a
large s and shows the half-order behaviors. More accurately,
the asymptotic expansion valid for a large s is given as Eq.
10. It can be derived from the asymptotic expressions of
Bessel functions.'” For global approximations which are
valid regardless of changing rate of f{r), Lee and Kim'®
recently proposed a half-order model

1 VTps+1
Gi(s) ~ =2 o=

Vps+1 Tps+1 (c+1)(c+3)

It satisfies the first two terms of Taylor series (7) and the

first term of asymptote (10) approximately. It shows the
half-order behavior for a large s.

(1)

13)
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Proposed Models

The above half-order approximation of Eq. 13 has errors
in the asymptote for a large s. Its asymptote for a large s
is \/({+1)(C+3)/2/+/s, whereas the exact asymptote of
Eq. 6 is ((+1)/y/s. They are different when { is not 1. To
compensate this discrepancy, more terms should be added.
Here, inspired from the asymptote (10), we consider approxi-
mation models in the form

Hﬁ[m](S)Z \/OC‘?——J’_]P(S)* C(C+])/2

s

+1)/24+bys+ - +b,s"

P(s):C(C 12/ 15 : S
ays+ --- +aps

(14)

For a given { and n, Eq. 14 has 2n+/ unknowns of o,
a’s, and b;’s. One equation to determine these unknowns is
for Eq. 14 to satisfy the first term of asymptote (10) for
a large s. More specifically, since the leading term in the
asymptote of Eq. 14 for a large s is \/ab,/a,, we have

_ \/&bn

ay

{+1 (15)

The remaining 2n equations are such that the Taylor series
of Eq. 14 is equal to that of Eq. 7 up to 2n terms. Let m in
Eq. 14 be 2n, representing the number of Taylor series terms
to be matched.

In Eq. 14, P(s) is made to have a factor of (as+1/) in the
denominator

Plsl= P(s) _ (((+1)/24bis+ - +b,s"
(s)= (as+1)  (1+as)(1+ays+ - +a,— s ")

(16)

Then, we have 2n—/ unknowns to match both Taylor series.
In this case, m=2n—1 and Eq. 15 becomes
{+1=b,/(@n—1v/2). The resulting approximation is in the

form of Hejy(s)= A P(s)— L5102,

The above problem to determine unknowns is nonlinear.
An iterative procedure to solve this coefficients matching
problem can be, for a given { and m (if m is odd, n =
(m+1)/2 and, otherwise, n=m/2),

Step 1: Guess a.

Step 2: Calculate the Taylor series of P(s)=(sG¢(s)+
{C+1)/2)/Voas+1. }

Step 3: Calculate the Taylor series of P(s)=(1+uas)P(s)
(Eq. 16) if m is odd.

Step 4: Calculate the Pade approximation of P(s) or P(s).

Step 5: Repeat the Steps 2—4 so that Eq. 15 is met. For
this, the bisection method can be applied."’

The above iterative procedure can be illustrated with the
problem to obtain H._p(s)
s _WVoast11+bis 1

- 17
K 1+ais s an

Eq. 15 becomes
Vaby

ai

2 (18)

The Taylor series for P(s)=({({+1)/2+sG.(s))/Vas+]1
is
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Table 1. Proposed Approximations for Slab ({=0), Cylinder ({=1), and Sphere ({=2) Geometries

‘: m HC[mJ(S) ﬁg[m] (S)
0 1 5 5
(1-1/3) s +1 (1-1/V3) s +1
(1-1/v3)s+1 (1-1/v3)s+1
2 1 0.1077s+1 0.10645+1 1
1/0.07045+10.4058s+1 v/0.0690s+10.4053s+1
3 1/0.0371s+1 0.1018s5+1 1/0.03565+10.1013s+1
0.4053s+1 0.04837s+1 0.0472s+1 0.4053s+1
4 1 0.1014s+1 0.0274s+1 0.0264s+1 0.10135s+1 1
V0.02285+10.40535+10.045435+ 1 V0.02155+1 0.40535+10.045035+ 1
1 1 22-v2)s+1 1
K (Z—ﬂ)zs-i-l §
2 V0.10455+1(1.1304s+1) 1
5(0.1827s+1) s
3 (1.19825+1)(0.0772s+1) 1
s1/0.04955+1(0.1734s+1) s
2 1 3((1-1/v3)s+1) 3 3((1-1/v3)s+1) 3
s\/(1=1/v3)’s+1 ° s\ (1-1/v3)%s+1
2 3/0.0704s+1(0.40585+1) 3 31/0.0690s+1(0.4053s+1) 3
5(0.1077s+1) s 5(0.1064s+1) s
3 3(0.40535+1)(0.04837s+1) 3 3(0.04725+1)(0.4053s+1) 3
5v/0.0371s+1(0.1018s+1) s 51/0.0356s+1(0.1013s+1) s
4

31/0.02285+1(0.4053s+1)(0.04543s+1)

3v/0.02155+1(0.40535+1)(0.045035+1) 3

5(0.10145+1)(0.0274s+1)

23
N

5(0.10135+1)(0.0264s+1) s

(145Ge=1(s))/Vos+1=(1+s—5> /84 - - ) (1 —s0/2 45302 /8— - )

1+b
=14 (1—a/2)s+(—1/8—0/2+302 /8)s>+ - - ~w %
1+as

ar=(1/840/2-30%/8)/(1—0/2),  bi=1—u/2+a

19

Hence, Eq. 18 becomes

022 =607 +403? +80— 90! /2 +2=0 (20)
It is a fifth-order polynomial for o’ and can be solved itera-
tively with an initial guess of a.

When o is given, the Taylor series matching problem
(Steps 2—4) is linear and can be solved easily. Recent perso-
nal computers and programming languages can accomplish
this within a second. A computational code based on the
state equation22 is available on request. Because there is
only one variable of «, it is also easy to use symbolic pro-
gramming languages. Table 1 shows models for three geo-
metries of the slab, cylinder, and sphere.

AIChE Journal July 2013 Vol. 59, No. 7

Explicit Models for { =0 and 2

Adsorbents are often in the form of slab ({=0) or sphere
({=2). Hence, models for these two geometries are espe-
cially important. Here, a simpler method to compute approx-
imate models for (=0 and 2 is investigated. First, for the
slab geometry ({=0), Eq. 6 becomes

+1)

sinh+/s > s
= :,1:[1 ((kn)2+1>/<
(21)

N V/scosh /s
As shown in Table 1, model coefficients for (=0 in Eq. 14
are very similar to the first few terms of Eq. 21. For explicit
computations of coefficients without iterations, these terms
can be used for P(s) in Eq. 14. Consider

\)

((k=1/2)m)*

G=o(s)

~ 1 ps+148 s / s
Ao (5)= 1) /—2
=00 () \/as+lﬁs+1k1—[l<(kn)2 ) <((k—1/2)7r)2 )
(22)
Published on behalf of the AIChE DOI 10.1002/aic 2543



The series expansion of H o[, (s) is

H.-

1
1+ ~——— E +ooy f 1l
/ Bt— (kz =y ) ))s , for small s

, for large s

G 1
(23)

Hence, for the above expansions to be equal to those of
Ge=o(s) (Egs. 7 and 10), we have

o 1 & 1 1 1
y— = —B+— = 24
=5 =B nzk;(kz (k_1/2)2> ;@

(k— 1/2

(25)

The above two equations have three unknowns of «, f3, and
y, and hence one unknown can be fixed arbitrarily.
Especially, for a given f or y, Egs. 24 and 25 become
quadratic for /x and can be solved analytically. With
letting y=o, the resulting approximations are in the form

of H o (s) =57 ITi= I(W )/(mﬂ)- Dif-
ferently, with letting f= we have approximations

1
(n+1/2)*n?
in the form of H.—qp(s)= \};:rTlHk | (An2 +1)/Hn+1

(=i *1)-

For the sphere  geometry, G.—»(s)=3(y/s/tanh
Vs—1)/5=3(1/G¢=o(s)—1)/s and approximate equations
for I-?gzz[m] (s) can be obtained by replacing G;—o(s) to its
approximations of H gy, (s)

- 3 1
H o)) (s )—; (m—l> (26)

Table 1 shows approximate models for geometries of slab
and sphere.

Models with Reaction (Nonzero ¢):

The proposed models fit both the Taylor series for a small
s and the asymptote for a large s. Hence, they will be valid
for the whole range of s. Different from previous approxima-
tions including Pade approximations, the proposed approxi-
mations can be used for adsorptions with reaction by
replacmg s to s+¢> In other words, we can use

(H—qb ) for G¢ (H-(j) ).

In addition, although s is replaced by s-l-d) the structure
of proposed models is not changed and the same simulation
technique can be used. For example

+¢2
o (o1)= O gy oy s
s 27)
e T T sy

Equivalently to H_j,(s), Hpm (s+gb2) consists of the same
half-order system with rational transfer function systems.
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~ 7
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Figure 1. Nyqunst plots of the frequency responses of
G.(s+¢?), LDF model and Hy (s+¢?).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Hence, the same program can be used to simulate. This fea-
ture is not valid for the original transfer function of Eq. 6.

Discussions
Approximation accuracies in the frequency domain

Approximation accuracies of proposed models are tested and
compared with the LDF model. For this, the fitting accuracies
along the imaginary line, G/(jw), and the positive real line,
G (qb ), are compared. The G:(jw) is known as the frequency
response. The response for the sinusoidal input f(¢)=sin (wr)
becomes ¢ (1) =|G.(jw)|sin (wt+ LG (jw)) at the cyclic steady
state. Hence, for a fast varying f(f), models should fit as large
value of the angular frequency w as possible. Conversely,
G (q’) ) is the steady state gain of the adsorption process with
reaction. Fitting accuracies for both G:(jw) and G (¢ ) will
show whether models of G.(s) without reaction can be used as
models with reaction by replacing s to s+ ¢>.

Figure la shows plots of G;(jw) and its approximate mod-
els in the complex plane (Nyquist plot) for (=0 and 2. The
Nyquist plots for the LDF models (11) of (=0 and 2 appear
identical because the frequency w is not shown explicitly.

July 2013 Vol. 59, No. 7 AIChE Journal
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Relative Absolute Errors

10?2

10

107 10" 10°
'
Figure 2. Relative absolute errors of the steady state

gains for the slab adsorbent with reaction

(H=0(90?) —Ge=0(d?)|/|G=0($?) )

Except for low range of w, they are much different from the
exact frequency responses. For the slab geometry, the maxi-
mum absolute relative errors of frequency responses
(max ,|H _(jo)—G.(jo)|/|G.(jo))) are 3.6, 1.1, 0.4, and
0.2% for H t=opm) (jo) with m between 1 and 4, respectively.
For the sphere geometry, the maximum absolute relative
errors of frequency responses are 4.4, 1.3, 0.4, and 0.2% for
~vz2[m] (joo) with m between 1 and 4, respectively. The LDF
models for both geometries show that the maximum absolute
relative errors of frequency responses are arbitrarily large.

Figure 1b shows plots of G (jow+ ¢?) for ¢=5 and its ap-
proximate models in the complex plane for {=0 and 2. The
Nyquist plots for the LDF models (11) with replacing s to
s+¢* for (=0 and 2 do not approximate the frequency
responses even for low-frequency ranges of w. The absolute
relative errors at w=0 (steady state gain error) for the LDF
models are 46 and 22% for (=0 and 2, respectively. These
can be made zero by using the first-order model based on
the Taylor series expansion of Gg(s+(f>2).]4 For the slab ge-
ometry, the maximum absolute relative errors of frequency
responses are 1.1, 0.5, 0.2, and 0.1% for Hg 0fm (jw+¢)
with m between 1 and 4, respectively. For the sphere geome-
try, the maximum absolute relative errors of frequency
responses are 1.3, 0.6, 0.3, and 0.1% for H (jw+q§2)
with m between 1 and 4, respectively. This figure shows that
the reaction term ¢ does not make the proposed approximate
model accuracies be worse.

Figure 2 shows the absolute relative errors of approximate
models of the slab geometry ({=0) for s=d>2. The maximum
absolute relative errors are 1.4, 0.4, 0.1, and 0.07% for
H {=0[m] (d)z) with m between 1 and 4, respectively. For the
sphere geometry, the maximum absolute relative errors are
2.0, 0.5, 0.2, and 0.08% for H—5,(¢*) with m between 1
and 4, respectively. Figures 1-2 show that the proposed
approximate models will be valid for the whole range of

s=jo+ ¢

Time-domain simulations

Figure 3 shows the structure of the proposed models. The
time-domain simulation of the half-order part

AIChE Journal July 2013 Vol. 59, No. 7
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VR b(o), at

P(s)(ast+1)/s |

@ 1/s

Figure 3. The structure of proposed models for
simulations.

1/as +1

F(s) (28)

?

os+

is needed. Other parts in Figure 3 can be realized by differ-
ential equations.”” The time response for Eq. 28 can be real-
ized by the convolution integral as

b(r)= Lr Le‘f/°“-f'(t—f)dr (29)

When f(z) is known E
For example, b(t iﬁ
fin=1.

Figure 4 shows step responses for sphere geometry ({=2).
The integral of absolute errors (IAE) for adsorption without
reaction (¢p=0) are 8.8E-3, 7.9E-4, and 1.4E-4 for I-?gzz[m] (s)
with m between 1 and 3, respectively. That of LDF model is
1.6E-2. The IAE for adsorption with reaction (¢=5) are
2.9E-3, 12E-3, and 3.5E-4 for Hi—ppy(s+¢°) with m
between 1 and 3, respectively. The IAE values decrease by
approximately an order of magnitude as the approximation
order increases. That of LDF model with s+ (152 instead of s
is 5.5E-2.

The convolution integral of Eq. 29 is inconvenient for a
general input f(f). This half-order element can be further
approximated. Many methods for this are available. For exam-
ple, consider the continued fraction of half-order system19

an be integrated analytically.
for the unit step input of

1VsHl=— = (30)

aw |

0.5

0 0.1 0.2 0.3 0.4 0.5

Figure 4. Step responses of G§=2(s+¢2), LDF model,
and H§=2[m] (S+¢2).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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From this continued fraction expansion, Pade approxima-
tions are obtained easily and Pade approximations of orders
around three provide almost exact step responses. Further-
more, reduced order models by applying model reduction
technique to higher order Pade approximations23 can be
obtained and used for finding time responses conveniently.
Zig-zag line approximations® of frequency response are also
available for fast varying inputs.

Application to biporous catalysts and noninteger
shape factor {

Consider the diffusion and adsorption in a spherical pellet
with a biporous structure. The pellet is assumed to be made
of spherical porous particles. In the adsorbent, the adsorbate
diffuses into the adsorbent interior through the macropores
and then into the microparticles. Under some assumptions,
the mass balance equations are>~°

Macropore
., oC, :SaDaLi 72 9C.\ 3(1—8a) 8C/,
ot raz 8ra artl Ra a’b =Ry
(€2))
Micropore
8C;, 1 0 2 GC;,
—=Dp— —-— 32
ot b I’h2 81‘,, (l’h 8)”;, ( )
Initial conditions
Ca(ra7t)‘t=():07 Ch(ra7rb7t)|t=0:0 (33)
Boundary conditions
% =0 9Cy -
R (34)

Ca(Ru,t):f([), Cb(ra,Rh,I)=Ca(ru,t)

Here, C, and C;, are concentrations, D, and D, are diffusiv-
ities, ¢, is the macropore porosity, R, and R, are radii, r,
and r, are the radius variables, ¢ is the time variable, the
subscript @ means variables in macropore, and the subscript
b means variables in micropore. This model can describe
adsorption dynamics in detail and can be applied to adsorb-
ents such as zeolite crystals and carbon molecular sieves.?>%6
However, it has been rarely used in practice because of its
mathematical complexity and bulky numerical computations.
This is one of examples that approximations are required.

The transfer function between the dimensionless volume
avzeérage concentration g(f) and the surface concentration f{(¢)
is

Goils) = aaHa (\/G;, Jeoth (1/Gy(s))—1)
+ s
( S (Vorneon (o7m) 1)

(35)

where H,=D,/(¢,R2), Hy=D),/R2 and K is the dimension-
less adsorption constant. The Taylor series expansion and
corresponding approximate models by the Pade method have
been proposed by Kim and Lee.*

2546 DOI 10.1002/aic

Published on behalf of the AIChE

10°

GG o)l

Exact
LDF |]
—-— Sphere|{
——-Slab |]

107F

10° 10" 10 10° 10 10°
[4]

Figure 5. Bode plots of the biporous system (H,=400,
Hp=2.404, :,=0.3, and K=100) and its
approximations of the LDF model, the
monoporous models with sphere and slab
geometries.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

The simplest first-order model (LDF model) is

1
Gni(s) Tas+1 36
1 (et (1-e)K (1—e,)K (36)
‘15 e.H, Hp(gq+(1—¢,)K)

When the time variable is scaled to be

eat(1—¢,)K (1—¢e,)K B
( eoH, * Hpy(eq+(1 —sa)[()) =1 (37

Eq. 36 becomes the LDF equation of Eq. 8 for a mono-
porous diffusion with the sphere geometry
(ta=1/(({+1)({+3)),_,=1/15). This provides an overall
effective diffusivity™ that represents two diffusivities of
biporous diffusion by one approximately. In principle, the
monoporous diffusion model and the biporous diffusion
model are incompatible with each other. Nevertheless, the
simpler monoporous model is very useful. In the previous
works, the sphere geometry is used preferentially because
the external shape of adsorbent is sphere. Here, other geome-
try is shown to be better for some cases.
If the time is scaled to be

tat(1—e,)K (I—g)K B
( e H, * Hy(ea+(1 —sa)K)) =3 (38)

Eq. 38 becomes Gp(s) =~ 1/(s/3+1) and it is the LDF
model for the slab geometry (z,=1/(({+1)({+3)),,=1/3).
Figure 5 shows the Bode plots for the biporous model (35)
(H,=400, H,=2.404, ¢,=0.3, and K=100), the LDF model
(36), the monoporous sphere model (6) with the overall
effective diffusivity of Eq. 37% and the monoporous slab
model (6) with the overall effective diffusivity of Eq. 38.
The LDF model is independent on {. We can see that the
monoporous model with the slab geometry ({=0) shows far
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Figure 6. Step responses of the biporous system
(H,=400, H,=2.404, ¢,=0.3, and K=100) and
its approximations of the LDF model, the
monoporous models with sphere and slab
geometries.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

better approximations than the other two approximate mod-
els. Because the external shape of pellet is sphere, the sphere
geometry can be a first choice. The slab geometry, however,
is better in this case. The step responses in Figure 6 prove
this. The TIAE are 8.4E-3, 7.6E-3, and 2.3E-3 for the LDF
model, the monoporous sphere models with the overall effec-
tive diffusivity of Eq. 37 and the monoporous slab model
with the overall effective diffusivity of Eq. 38, respectively.

The shape factor ({) can be used as a design parameter.
For this, our models are especially adequate since they are
not limited to usual three integer values of (. There are
many examples, including the above biporous catalysts,
where noninteger shape factors are needed. For catalysts in
the form of the cylindrical pellets with finite length, shape
factors with noninteger values between 1 and 2 can provide
better approximations.9 Especially, when the equivalent cata-
lyst radius given by the equation of R,=3V/S, where V and §
are the catalyst volume and surface area, is used, the optimal
shape factor is evidently noninteger. Our approximate mod-
els with noninteger shape factors are helpful to identify the
optimal shape factor.

Conclusion

The diffusion and adsorption dynamics in a porous adsorb-
ent can be described in detail by the pore diffusion model in
the form of partial differential equation. When this pore dif-
fusion model is coupled with the partial differential equa-
tions of bulk flow, its computation is rather involved. To
relieve the computational load, approximate models in the
form of a set of ordinary differential equations are often
used. These approximate differential equations can be
derived from the Laplace domain solution. For this, the Pade
approximations are especially useful. They are accurate for
low-frequency ranges and hence effective for slowly varying
surface concentration changes. However, the transfer func-
tion for the pore diffusion model shows the half-order behav-
ior for high-frequency ranges and the rational transfer
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functions of Pade approximations cannot describe this half-
order behavior. Here, by introducing the half-order transfer
function, approximate equations that are valid globally are
obtained. They are in the form of

H.p (5)= \/ocj+l P(s)— ;(g+sl)/2

where P(s) is a rational transfer function of the Laplace vari-
able s. Their approximation accuracies are shown by simula-
tion in the frequency domain and time domain. By replacing
s to s+ (752, the model can be used for porous catalysts with
the first-order reactions.

The proposed approximate models can be used for nonin-
teger shape factors different from three integer values of 0
(infinite slab), 1 (infinite cylinder), and 2 (sphere). There are
many examples showing that noninteger shape factors
provide better performances and the proposed models with
noninteger shape factors can be effectively used to solve
such problems.

Notation

a; = coefficient of the denominator polynomial of P(s)
by = coefficient of the numerator polynomial of P(s)
b(t), B(s) = output of a half-order system of Eq. 29 and its Lap-
lace transform
C,, C, = concentrations in the macropore and micropore,
respectively
D,, D, = diffusivities in the macropore and micropore,
respectively
erf(-) = error function
f(1), F(s) = dimensionless concentration at the adsorbent surface
and its Laplace transform
Gy(s) = transfer function in Eq. 35
Gpi(s) = transfer function between Q(s) and F(s) for the bipo-
rous catalyst
transfer functions between Q(s) and F(s)
dimensionless constants for G,(s)
approximation of G(s) whose Taylor series expan-
sion is equal to the mth term

G(), Ge(s+¢?)
H,, H),
H[[m] (S)‘,Hg“[m] (S)

1,(-) = modified Bessel function
_ K= dimensionless adsorption constant
P(s), P(s) = rational polynomials of s
q(r,t), Q(r,s) = dimensionless concentration in the particle and its
B Laplace transform
q(1),0(s) = average of ¢(r,r) and its Laplace transform
r = dimensionless space variable
rq, I'p = radius variables in the macropore and micropore,

respectively
R,, R, = radii in the macropore and micropore, respectively
R. = equivalent radius
s = Laplace variable
S, V = surface area and volume of a catalyst
t = dimensionless time variable
7., = zeros of the Bessel function J,(z)

o, B, y = constants for Hp,(s) and I-_l,;[m](s)

&, = macropore porosity

= Thiele modulus

T, = time constant for a first-order system
= time constant for a half-order system
= shape factor (0: infinite slab, 1: infinite cylinder, 2:

sphere)
Subscript
k = kth element
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